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HOMOGENEOUS SURFACES ADMITTING INVARIANT CONNECTIONS
DAVID BLA´ZQUEZ-SANZ, LUIS FERNANDO JIME´NEZ BUITRAGO,
AND CARLOS ALBERTOMARI´N ARANGO
ABSTRACT. We compute all the simply connected homogeneous and infinitesimally ho-
mogeneous surfaces admitting one or more invariant affine connections. We find exactly
six non equivalent simply connected homogeneous surfaces admitting more than one in-
variant connections and four classes of simply connected homogeneous surfaces admitting
exactly one invariant connection.
1. INTRODUCTION
From the XIXth century on geometry has been understood by means of its transforma-
tion groups. An homogeneous space M is a smooth manifold endowed with a transitive
smooth action of a Lie group G. In particular, if H is the stabilizer subgroup of a point
x ∈ M then the space M can be recovered as the coset space G/H . Since the group G
acting inM is seen as a transformation group, i.e., a subgroup of Diff(M) there is no loss
of generality in assuming, whenever it is required, that the action of G inM is faithful.
The notion of homogeneous space has an infinitesimal version. A infinitesimal homo-
geneous space is a manifold endowed with a Lie algebra representation of a Lie algebra g
into the Lie algebra of smooth vector fields X(M). As before, since the lie Lie algebra g is
seen as a Lie algebra of vector fields, there is no loss of generality in assuming, whenever
it is required, that the representation is faithful.
The heuristics of the celebrated F. Klein’s Erlangen program is that geometry should
studied through the invariants of the action of G on M . As example, the invariants of the
group of euclidean movements in the euclidean space are the distances, volumes, angles,
etc.
An affine connection in a manifoldM is certain geometric construction that allows a no-
tion of parallel transport of vectors. Affine connections are a kind of geometric structures,
and then they are transformed covariantly by diffeomorphisms. The problem of construc-
tion of invariant connections in an homogeneous space has been treated by S. Kobayashi
and K. Nomizu in a series of papers that are summarized in [4] chapter X. In several ex-
amples of homogeneous spaces, there is a unique invariant connection.
We ask the following question. Which homogeneous spaces of a fixed dimension do
admit exactly one, or strictly more than one invariant connections? It is possible to give a
complete list? We can solve this problem for low dimension manifolds. We start with the
local problem, for infinitesimal homogeneous spaces. The point is that the structures of
infinitesimal homogeneous spaces admitted by a surface are completely classified. S. Lie,
who completed in [9] the task for Lie algebras of analytic vector fields in C2 and C3. The
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local classification of finite dimensional Lie algebras of smooth vector fields in R2 was
completed by Gonza´lez-Lo´pez, Kamran and Olver in [3]. The real list is larger than the
complex one as some complex Lie algebra may have several possible real forms. A com-
pletely different approach leading to the same classifications was followed by Komrakov,
Churyumov and Doubrov in [6]. By means of the Lie derivative of connections (Definition
2.3 and Lemma 2.5) we compute the space of invariant connections by an infinitesimal
action of Lie algebra. Then, we go through the list of all possible structures of infinites-
imal homogeneous surfaces (Tables 1, 2, 3) obtaining the spaces of invariant connection
for each local class of infinitesimal actions (Theorems 3.1 and 3.4). We also perform the
computation of the space of invariant connections for non-transitive actions, for the shake
of completeness (Propositions 3.2 and 3.3). Finally we integrate our results to obtain ho-
mogeneous surfaces admitting invariant connections. We obtain that there is a finite list
of simply connected homogeneous surfaces admitting invariant connections. In particular
there are 6 non-equivalent simply connected homogeneous surfaces admitting more than
one invariant connection. Our main results are the following:
Theorem 4.2 Let M , endowed with an action of a connected Lie group G, be a simply
connected homogeneous surface. Let us assume that M admits at least two G-invariant
connections. Then,M is equivalent to one of the following cases:
(a) The affine plane R2 with one of the following transitive groups of affine transfor-
mations:
Res(2:1)(R
2) =
{[
x
y
]
7→ A
[
x
y
]
+
[
b1
b2
]
| A =
[
λ2 0
0 λ
]
, λ > 0
}
,
Trans(R2) =
{[
x
y
]
7→
[
x
y
]
+
[
b1
b2
]
| b1, b2 ∈ R
}
,
Res(0:1)(R
2) =
{[
x
y
]
7→ A
[
x
y
]
+
[
b1
b2
]
| A =
[
1 0
0 λ
]
, λ > 0
}
.
(b) SL2(R)/U where U is the subgroup of superior unipotent matrices
U =
{
A ∈ SL2(R) | A =
[
1 λ
0 1
]}
.
(c) R⋉ R acting on itself by left translations.
(d) G/H with G = R2 ⋉R andH = (R× 0)⋉ 0.
Theorem 4.4 Let M , with the action of G, be a simply connected homogeneous surface.
Let us assume that M admits exactly one G-invariant connection. Then, M is equivalent
to one of the following cases:
(a) The affine planeR2 withG any connected transitive subgroup of the groupAff(R2)
of affine transformations containing the group of translations and not conjugated
with any of the groups,
Res(2:1)(R
2) =
{[
x
y
]
7→ A
[
x
y
]
+
[
b1
b2
]
| A =
[
λ2 0
0 λ
]
, λ > 0
}
,
Trans(R2) =
{[
x
y
]
7→
[
x
y
]
+
[
b1
b2
]
| b1, b2 ∈ R
}
,
Res(0:1)(R
2) =
{[
x
y
]
7→ A
[
x
y
]
+
[
b1
b2
]
| A =
[
1 0
0 λ
]
, λ > 0
}
.
(this case includes the euclidean plane)
HOMOGENEOUS SURFACES ADMITTING INVARIANT CONNECTIONS 3
(b) SL2(R)/H whereH is the group of special diagonal matrices,
H =
{
A ∈ SL2(R) | A =
[
λ 0
0 λ−1
]
, λ > 0
}
.
(c) The hyperbolic plane
H = {z ∈ C | Im(z) > 0}
with the group SL2(R) of hyperbolic rotations.
(d) Spherical surface,
S2 = {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}
with its group SO3(R) of rotations.
Some related work has been presented by Kowalski, Opozda, Vla´sˇek and Arias-Marco
[7, 8, 10] who gave answer to a dual question in the local case: what are the local canonical
forms of affine connections in surfaces whose symmetries act transitively? Their methods
are similar to ours in the following sense: their results and ours are obtained through a
careful analysis of the local classification of Lie algebra actions given in [3].
2. INVARIANT CONNECTIONS
Here we review the construction of the space of connections, the bundle of connec-
tions, and the action of diffeomorphisms and vector fields on them, see for instance [1, 2].
Let M be a smooth manifold, X(M) the Lie algebra of smooth vector fields in M and
EndM (X(M)) the module of C∞(M)-linear endomorphisms of X(M). An affine connec-
tion inM is a R-linear map
∇ : X(M)→ EndM (X(M)),
such that∇(fX) = df⊗X+f∇X .1 LetCnx(M) the space of all affine connections inM .
It is easy to check that if∇ ∈ Cnx(M) is an affine connection and θ ∈ Ω1(M,End(TM))
is a 1-form in M with values endomorphisms of TM then ∇ + θ is an affine connection
in M . Indeed, the difference between two connections in a 1-form with values endomor-
phisms of TM . Therefore, we have a free and transitive additive action,
Ω1(M,End(TM))× Cnx(M)→ Cnx(M), (θ,∇)→ ∇+ θ,
that gives to Cnx(M) the structure of an affine space modeled over the vector space
Ω1(M,End(TM)).
It is clear the connections are local objects, they can be restricted to open subsets of
M , and they are determined by its restrictions to a covering family of open subsets. The
following construction is local. Given a global frame2 s = (X1, . . . , Xn) inM there is an
associated connection∇s such that ∇s(Xi) = 0 for i ∈ {1, . . . , n}. We taking ∇s as the
initial point of Cnx(M) we have an identification,
Γs : Cnx(M)
∼
−→ Ω1(M,End(TM)), ∇ 7→ Γs(∇) = ∇−∇
s.
Here Γs(∇) is the so-called Christoffel tensor of ∇ with respect to the frame s. We say
that two connections∇ and ∇¯ take the same value at the point p of M if their Christofell
tensors with respect to any frame coincide on p. The setCM of the values at points ofM of
affine connections is therefore an affine bundle overM modeled over T ∗M ⊗ End(TM).
1In order to keep the usual notation for covariant derivatives we have∇(X)(Y ) = ∇Y X .
2That is, and ordered base of sections of the tangent bundle of M .
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An affine connection ∇ is thus seen in a canonical way as a global section of the affine
bundle CM →M .
Given a diffeomorphism f : M → N the push forward of connections is an isomor-
phism f∗ : Cnx(M) → Cnx(N) defined in terms of the push forward of vector fields by
(f∗∇)XY = f∗(∇f−1
∗
Xf
−1
∗ Y ). The push forward of connections is compatible with the
affine structure, in the sense that f∗(∇ + θ) = f∗(∇) + f∗(θ) for a connection ∇ and a
1-form of endomorphisms θ.
If we look at the connections as sections of the affine bundleCM , then we have that the
push forward is given by a natural transformationCf of affine bundles,
(2.1) CM

Cf // CN

M
f //
∇
::
N
f∗∇
ee
here (Cf)(∇(p)) = (f∗∇)(f(p)).
Let us fix an smooth action3 of a Lie group G on M . A tensor θ is G-invariant if
(Lg)∗θ = θ for all g inG. The space ofG-invariant 1-forms of endomorphisms is denoted
by Ω1(M,End(TM))G. Analogously, we say that a connection ∇ ∈ Cnx(M) is G-
invariant if (Lg)∗∇ = ∇, for all g ∈ G; we denote by Cnx(M)G the set of G-invariant
connections in M . It is clear that the sum of a G-invariant connection and a G-invariant
1-form of endomorphisms yields a G-invariant connection. So that, Cnx(TM)G is either
empty or an a affine space modeled over the space Ω1(M,End(TM))G.
Let us denote by Gp the stabilizer
4 of a point p ∈ M . We have an action of Gp on the
fiber (CM)p by affine transformations. There is also a natural linear representation of Gp
in T ∗pM ⊗ End(TpM).
Proposition 2.1. If G acts transitively on M then Cnx(M)G has finite real dimension
≤ (dimM)3. In such case:
(1) Cnx(M)G ≃ (CM)
Gp
p for any p ∈M
(2) If Cnx(M)G 6= ∅ then dimCnx(M)G = dim
(
T ∗pM ⊗ End(TpM)
)Gp
.
Proof. (1) There is a natural map Cnx(M)→ (CM)p of evaluation at p,∇ 7→ ∇(p). It is
clear that it mapsCnx(M)G on (CM)Gp . By the action ofG onM we construct an inverse
map,
(CM)Gp
∼
−→ Cnx(M), cp 7→ ∇
where∇ is defined as∇(gp) = C(Lg)(cp).
(2) It is also clear that if (CM)p is a linear affine spacemodeled overT
∗
pM⊗End(TpM).
The action of Gp is compatible with the affine structure, therefore (CM)
G
p , if not empty,
is a linear affine space modeled over (T ∗pM ⊗ End(TpM))
Gp . 
The previous situation can be considered infinitesimally. Let us recall that an action of
a Lie algebra g inM is a Lie algebra morphism φ : g→ X(M). Without loss of generality
we may assume that the action is faithful, that is, that φ is inyective. In such case we see
g ⊂ X(M) as a Lie algebra of vector fields inM . Therefore, from now on we will consider
the elements of g as vector fields inM .
3By convention, we consider the action on the left side, we use the standard notation gp = Lg(p).
4That is, the subgroup of G formed by the elements g ∈ G such that gp = p.
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We say that a tensor θ in M is g-invariant if for any local diffeomorphism σ : U
∼
−→ V
that belongs to the flow pseudogroup of a vector field X ∈ g we have σ∗(θ)|V = θ|V .
The analogous definition of g-invariance applies to connections. As before, the space
of g-invariant connections Cnx(M)g is either empty of an affine space modeled over
Ω1(M,End(T (M)))g.
Let us recall that the g acts transitively onM if for all p ∈ M the map φp : g → TpM
X 7→ Xp is surjective. This implies that, for connected M , the flow pseudogroup of the
action is also transitive.
Diagram (2.1) in the particular case of f = σt, the time t flow of a vector fieldX inM ,
gives us the prolongation X˜ ∈ X(CM),
X˜ =
d
dt
∣∣∣∣
t=0
Cσt.
It is clear that X˜ projects onto X and the flow of X˜ gives affine transformations between
the fibers of CM → M . For a given p ∈ M the kernel ker(φp) = gp is the so-called
stabilizer algebra of the point p. There is a natural representation,
φ˜|CMp : gp → X(CMp)
the set of zeroes in CMp of these vector fields is an affine subspace denoted CM
gp
p .
Proposition 2.2. Let us assume that g acts transitively in a connected manifoldM . Then
the space Cnx(M)g has finite real dimension. In such case Cnx(M)g ≃ CM
gp
p for any
p ∈M .
Proof. It is a consequence of the same argument we exposed in Proposition 2.1, but in this
case we use the flow pseudogroup of g instead of the Lie groupG. 
Let us recall that given an action of G in M there is an associated infinitesimal action
of Lie(G) given by,
φ(A)p =
d
dt
∣∣∣∣
t=0
exp(tA) ⋆ p.
There is a natural relation between the invariants of an action and that of its associated in-
finitesimal action. In particular, for invariant connections, we have that ifG is a connected
Lie group acting onM then Cnx(M)G = Cnx(M)Lie(G).
2.1. Lie derivative of a connection. In this section we develop a method for computing
the invariant connections of an infinitesimal action. The well known notion of Lie deriv-
ative for tensors can be extended to sections of natural bundles as in [5]. In the particular
case of connections, it can be defined by as follows.
Definition 2.3. The Lie derivative of a connection∇ in the direction of a fieldX is defined
as:
LX∇ = lim
t→0
σ−t∗∇−∇
t
,
where {σt}t∈R is the flow of the field X.
Note that for an affine connection ∇ and a vector field X the Lie derivative LX∇ ∈
Ω1(M,End(TM)) is not a connection but a 1-form of endomorphisms.
Proposition 2.4. The Lie derivative of ∇ has the following properties:
(1) (Linearity) LfX+gY∇ = f(LX∇) + g(LY∇).
(2) (Leibniz formula) (LX∇)(Y, Z) = [X,∇Y Z]−∇[X,Y ]Z −∇Y [X,Z].
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Proof. (1) can be easily checked from the definition. Let us prove (2). Without lose of
generality let us assume thatX is complete and {σt}t∈R is its flow.
(LX∇)(Y, Z) = lim
t→0
σ−t∗∇−∇
t
(Y, Z) = lim
t→0
(σ−t∗∇)Y Z −∇Y Z
t
=
lim
t→0
σ−t∗(∇Y Z)−∇Y Z
t
+ lim
t→0
σ−t∗(∇σt∗Y σt∗Z)− σ−t∗(∇Y Z)
t
=
[X,∇Y Z] + lim
t→0
σ−t∗
∇σt∗Y σt∗Z −∇Y Z
t
=
[X,∇Y Z] + lim
t→0
∇σt∗Y σt∗Z −∇Y σt∗Z
t
+ lim
t→0
∇Y σt∗Z −∇Y Z
t
=
[X,∇Y Z] + lim
t→0
∇σ
∗tY−Y
t
σt∗Z + lim
t→0
∇Y
σt∗Z − Z
t
=
[X,∇Y Z]−∇[X,Y ]Z −∇Y [X,Z].

Lemma 2.5. Let X be a vector field in M and ∇ be a connection. The following are
equivalent:
(1) LX∇ = 0.
(2) ∇ is invariant by the flow of X .
Proof. (2) ⇒ (1) is clear from the definition. Let us see (1) ⇒ (2). Without lose of
generality let us assume that X is complete, and let σt be its time t flow. Let us define
Γ(t) = σt∗(∇) − ∇. By hypothesis we have Γ(0) = 0 and
d
dt
∣∣
t=0
Γ(t) = 0. Moreover,
for any t,
d
dt
Γ(t) = lim
s→0
Γ(t+ s)− Γ(t)
s
= lim
s→0
σ(t+s)∗∇− σt∗∇
s
= σt∗(−LX(∇)) = 0.
therefore, ddtΓ(t) = 0 and thus Γ(t) = 0. 
Theorem 2.6. Let us consider g a Lie algebra of smooth vector fields in a manifold M .
The following are equivalent:
(1) ∇ is g-invariant.
(2) LA∇ = 0, for all A ∈ g.
(3) LAi∇ = 0, for all i = 1, . . . , n, where {A1, . . . , An} is a system of generators of
g as Lie algebra.
Proof. If ∇ is g-invariant, then σ−t∗(∇) = ∇ for the flow of any vector field of the form
φ(A) with A ∈ g. By definition of Lie derivative we have LA∇ = 0, and (1) ⇒ (2). We
also have (2) ⇒ (3). Finally to prove (3) ⇒ (1) it is enough to note that, from Lemma
2.1,∇ is invariant with respect to the flow of the vector fields Ai. Thus, it is invariant with
respect to any composition of these flows, and then with respect to the flow of any vector
field A ∈ g. 
Lemma 2.7. Let us consider a Lie algebra g of vector fields in an open subset U ⊆ Rn.
If g contains the translation vector field ∂xi then for any g-invariant connection ∇ the
Christoffel symbols Γkij are independt from xi.
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Proof. Using the Leibniz formula of 2.4 we have(
L∂xi∇
)
∂xj
∂xk =
[
∂xi ,∇∂xj ∂xk
]
−∇[∂xi ,∂xj ]
∂xk −∇∂xj [∂xi , ∂xk ] ,
for i, j, k ∈ {1, 2}. As
[
∂xi , ∂xj
]
= 0, for any i, j ∈ {1, 2}, the previous equality is
reduced to (
L∂xi∇
)
∂xj
∂xk =
[
∂xi ,∇∂xj ∂xk
]
.
If
[
∂xi ,∇∂xj ∂xk
]
= 0 then ∂xiΓ
l
jk = 0, for i, j, k, l ∈ {1, 2}. 
Remark 2.8. If the Lie algebra contains all the translations ∂xi , then the Christoffel sym-
bols are constants. Moreoever if all of them are null, the only invariant connection is the
usual one.
2.2. Classification of finite dimensional Lie algebra actions on germs of surfaces. The
local classification of infinitesimal actions of finite dimensional Lie algebras in manifolds
of complex dimension 2 and 3 was given by S. Lie in the XIX century. The real classifica-
tion in dimension 2 was completed in [3] and [6].
In Tables 1, 2 and 3 we reproduce5 the results of [3]: the local classification of faithful
actions of Lie algebras of finite dimension over opens of the real plane.
Generators Structure
1. {∂x, ∂y, α(x∂x + y∂y) + y∂x − x∂y}, α > 0 R⋉ R2
2. {∂x, x∂x + y∂y,
(
x2 − y2
)
∂x + 2xy∂y} sl(2)
3. {y∂x−x∂y, (1+x2−y2)∂x+2xy∂y, 2xy∂x+(1+y2−x2)∂y} so(3)
4. {∂x, ∂y, x∂x + y∂y, y∂x − x∂y} R2 ⋉R2
5. {∂x, ∂y, x∂x − y∂y, y∂x, x∂y} sl(2)⋉R
2
6. {∂x, ∂y, x∂x, y∂y, x∂y, y∂y} gl(2)⋉R2
7. {∂x, ∂y, x∂x+y∂y, y∂x−x∂y,
(
x2 − y2
)
∂x+2xy∂y, 2xy∂x+
(y2 − x2)∂y}
sl(3, 1)
8. {∂x, ∂y, x∂x, x∂y , y∂x, y∂y, x2∂x + xy∂y, xy∂x + y2∂y} sl(3)
TABLE 1. Local classification of faithful primitive actions of finite di-
mensional Lie algebras on the real plane [3].
Table 1 contains the classification of primitive actions. Let us recall that a Lie algebra
action in a surfaceM is primitive if the induced action in the projective bundle of directions
in M , P(TpM) has no fixed points. This is equivalent to say that the action is not by
infinitesimal symmetries of a foliation in M . In physical terms, it also means that the
we consider an isotropic geometry in the surface. Therefore, the cases 1-8 correspond to
classical 2-dimensional geometries, namely:
(1) It depends on the parameter α. The case α = 0 corresponds to the euclidean
geometry. The case α 6= 0 correspond to a primitive subgroup of the affine trans-
formations of the complex plane spanned by translations and the exponential of a
complex number of norm different from 1.
(2) Hyperbolic transformations of the half plane.
(3) Rotations of the sphere.
5 In Tables 1, 2 and 3 we respect the numeration and cases of [3]. However, since we diferenciate the transitive
and non-transitive cases, some cases are listed in different order. This explains the gaps in the tables.
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(4) Affine transformations of the complex plane.
(5) Volume preserving affine transformations of the real plane.
(6) Affine transformations of the real plane.
(7) Conformal transformations of the Riemann sphere.
(8) Projective transformations of the real plane.
Generators Structure
9. {∂x} R
10.{∂x, x∂x} h2
11.{∂x, x∂x, x2∂x} sl(2)
20.{∂y, ξ1(x)∂y , · · · , ξr(x)∂y}, r ≥ 1 Rr+1
21.{∂y, y∂y, ξ1(x)∂y , · · · , ξr(x)∂y}, con r ≥ 1 R⋉ Rr+1
TABLE 2. Local classification of non-transitive faithful actions of finite
dimensional Lie algebras in the real plane [3]. Functions ξj are linearly
independent.
Generators Structure
12.{∂x, ∂y, x∂x + αy∂y} R⋉ R2
13.{∂x, ∂y, x∂x, y∂y} h2 ⊕ h2
14.{∂x, ∂y, x∂x, x2∂x} gl(2)
15.{∂x, ∂y, x∂x, y∂y, x2∂x, y2∂y} sl(2)⊕ sl(2)
16.{∂x, ∂y, x∂x, y∂y, x2∂x, } sl(2)⊕ h2
17.{∂x + ∂y, x∂x + y∂y, x2∂x + y2∂y} sl(2)
18.{∂x, 2x∂x + y∂y, x
2∂x + xy∂y} sl(2)
19.{∂x, x∂x, y∂y, x2∂x + xy∂y} gl(2)
22.{∂x, η1(x)∂y , · · · , ηr(x)∂y}, r ≥ 1 R⋉ Rr
23.{∂x, y∂y, η1(x)∂y , · · · , ηr(x)∂y}, r ≥ 1 R2 ⋉Rr
24.{∂x, ∂y, x∂x + αy∂y, x∂y, · · · , xr∂y}, r ≥ 1 h2 ⋉Rr+1
25.{∂x, ∂y, x∂y, · · · , xr−1∂y, x∂x + (ry + xr) ∂y}, r ≥ 1 R⋉ (R ⋉ Rr)
26.{∂x, ∂y, x∂x, x∂y , y∂y, x2∂y, · · · , xr∂y}, r ≥ 1 (h2 ⊕ R)⋉Rr+1
27.{∂x, ∂y, 2x∂x+ry∂y, x∂y , x2∂x+rxy∂y, x2∂y, · · · , xr∂y}, r ≥ 1 sl(2)⋉Rr+1
28.{∂x, ∂y, x∂x, x∂y , y∂y, x
2∂x + rxy∂y , x
2∂y, · · · , x
r∂y}, r ≥ 1 gl(2)⋉R
r+1
TABLE 3. Local classification of faithful transitive actions of finite di-
mensional Lie algebras on the real plane [3]. Functions ηj are a base of
solutions of a lineal differential equation of order r, with constant coef-
ficients.
Table 2 contains the local classification of non transitive actions. They are, by necessity,
imprimitive. Here we can find the classical one-dimensional goeometries: euclidean (case
9), affine (case 10) and projective (case 11). In such cases Proposition 2.2 does not apply
and we will obtain infinite dimensional spaces of invariant connections. Finally, Table 3
contains the local classification of transitive imprimitive actions.
Finally we will compute the spaces of invariant connections for lie algebra actions on
connected surfaces.
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3. INVARIANT CONNECTIONS FOR LIE ALGEBRA ACTIONS ON CONNECTED
SURFACES
3.1. Primitive Lie algebra actions. For this classical cases, the existence of invariant
connections is well known. By application of Lemma 2.1, we can also recover the follow-
ing result.
Theorem 3.1. Let M be a connected surface endowed with faithful primitive Lie alge-
bra action of a finite dimensional Lie algebra g there is either one or none g-invariant
connection. Moreover, only one of the following cases hold:
(a) g is isomorphic to a Lie sub algebra of the Lie algebra of infinitesimal affine trans-
formations of the plane. There is one g-invariant connection; it is flat and torsion
free.
(b) g is isomorphic to the Lie algebra of infinitesimal isometries of a surface of non
vanishing constant curvature. There is one g-invariant connection; it is torsion
free and of constant curvature.
(c) g is isomorphic to either the Lie algebra of infinitesimal conformal transforma-
tions of the Riemann sphere or the Lie algebra of infinitesimal projective transfor-
mations of the real plane. There are no g-invariant connections.
Proof. As in the case (1), ∂x and ∂y are in g then Γ
k
i,j are constants. If we consider
X = α(x∂x + y∂y) + y∂x − x∂y . Since (LX∇)∂xi
∂xj = 0 we have the following
equations:
αΓ111 − Γ
2
11 − Γ
1
12 − Γ
1
21 = 0
αΓ211 + Γ
1
11 − Γ
2
12 − Γ
2
21 = 0
αΓ112 − Γ
2
12 − Γ
1
22 + Γ
1
11 = 0
αΓ212 + Γ
1
12 − Γ
2
22 + Γ
2
11 = 0
αΓ121 − Γ
2
21 + Γ
1
11 − Γ
1
22 = 0
αΓ221 + Γ
1
21 + Γ
2
11 − Γ
2
22 = 0
αΓ122 − Γ
2
22 + Γ
1
12 + Γ
1
21 = 0
αΓ222 + Γ
1
22 + Γ
2
12 + Γ
2
21 = 0
We can represent these systems in the following matrix array:


α −1 −1 0 −1 0 0 0
1 α 0 −1 0 −1 0 0
1 0 α −1 0 0 −1 0
0 1 1 α 0 0 0 −1
1 0 0 0 α −1 −1 0
0 1 0 0 1 α 0 −1
0 0 1 0 1 0 α −1
0 0 0 1 0 1 1 α




Γ111
Γ211
Γ112
Γ212
Γ121
Γ221
Γ122
Γ222


=


0
0
0
0
0
0
0
0


The determinant of the matrix is given by the polynomial α8 + 12α6 + 30α4 + 28α2 + 9.
Since this determinant is non-zero for α ≥ 0, then the system makes sense when Γlij = 0
for all i, j, l ∈ {1, 2}.

3.2. Non-transitive Lie algebra actions on germs of surfaces. For non-transitive Lie
algebra actions we have the following results.
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Case Christoffel symbols
9 Γlij are functions of y.
10 Γlij = 0 except Γ
2
22,Γ
1
21,Γ
1
12 that are functions of y y.
20, with r = 1
Γ122 = Γ
1
21 = Γ
1
12 = Γ
2
22 = 0,
Γ212 + Γ
2
21 − Γ
1
11 = −
∂2xξk
∂xξk
,
with Γ211,Γ
2
12,Γ
2
21 y Γ
1
11 functions of x.
21, with r = 1
Γ122 = Γ
1
21 = Γ
1
12 = Γ
2
22 = Γ
2
11 = 0,
Γ212 + Γ
2
21 − Γ
1
11 = −
∂2xξk
∂xξk
,
with Γ212,Γ
2
21 y Γ
1
11 functions of x.
TABLE 4. Christofell symbols for invariant connections of non-
transitive Lie algebra actions on surfaces in canonical coordinates.
Proposition 3.2. Let us consider a non-transitive Lie algebra action of g ≃ Rr+1 on an
open subset M ⊆ R2 to case (20) in Table 2. If Cnx(M)g 6= ∅ then the dimension of
g is equal to 2 (r=1). In such case, Christoffel symbols of g-invariant connections are
characterized by the equations:
Γ122 = Γ
1
21 = Γ
1
12 = Γ
2
22 = 0
Γ212 + Γ
2
21 − Γ
1
11 = −
∂2xξ
∂xξ
,
with Γ211,Γ
2
12,Γ
2
21 y Γ
1
11 functions of x.
Proof. Let us consider g = 〈∂y, ξ1(x)∂y , . . . , ξr(x)∂y〉. By taking components of(
Lξk(x)∂y∇
)
∂xi
∂xj = 0
we obtain the following system:(
Γ212 + Γ
2
21 − Γ
1
11
)
∂xξk(x) + ∂
2
xξk(x) = 0,(
Γ121 − Γ
2
22
)
∂xξk(x) = 0,(
Γ112 + Γ
1
21
)
∂xξk(x) = 0,(
Γ222 − Γ
1
12
)
∂xξk(x) = 0,
Γ122∂xξk(x) = 0,
Γ222∂xξk(x) = 0.
This system is compatible if for k 6= l we have
∂2xξk
∂xξk
=
∂2xξl
∂xξl
.
So that functions ξk(x) and ξl(x) are related by an affine transformation ξl(x) = aξk(x)+
b. Therefore, by taking ξ = ξ1 we have that g is spanned by ∂y , ξ(x)∂y and it corresponds
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to the case r = 1. We obtain that the Γkij are functions of x satisfying the following
relations:
Γ122 = Γ
1
21 = Γ
1
12 = Γ
2
22 = 0,(3.1a)
Γ212 + Γ
2
21 − Γ
1
11 = −
∂2xξ
∂xξ
.(3.1b)

Proposition 3.3. Let us consider a non-transitive Lie algebra action of g ≃ R ⋉ Rr+1 on
an open subset M ⊆ R2 corresponding to case (21) in Table 2. If Cnx(M)g 6= ∅ then
the dimension of g is equal to 3 (r=1). In such case, Christoffel symbols of g-invariant
connections are characterized by the equations:
Γ122 = Γ
1
21 = Γ
1
12 = Γ
2
22 = Γ
2
11 = 0
Γ212 + Γ
2
21 − Γ
1
11 = −
∂2xξ
∂xξ
.
with Γ212,Γ
2
21 y Γ
1
11 functions of x.
Proof. This algebra contains that of case 20. Therefore, we have that r = 1 and the system
of equations 3.1 are satisfied. There is an additional equation
(
Ly∂y∇
)
∂xi
∂xj = 0 yielding
Γ211 = 0.We conclude that Γ
2
12,Γ
2
21 and Γ
1
11 are functions of x and the following relations
are satisfied:
Γ122 = Γ
1
21 = Γ
1
12 = Γ
2
22 = Γ
2
11 = 0,(3.2a)
Γ212 + Γ
2
21 − Γ
1
11 = −
∂2xξk
∂xξk
.(3.2b)

Lie algebra actions corresponding to 9, 10, and 11 are well known one dimensional
geometries. Case 11 corresponds to the projective geometry of the real line and it does not
admit invariant connections. A direct computation yields the space of invariant connections
in canonical coordinates. Summarizing, the following Table 4, contains the computation
of Christoffel symbols of invariant connections in canonical coordinates.
3.3. Transitive imprimitive Lie algebra actions.
Theorem 3.4. Let us consider a faithful transitive imprimitive action of a Lie algebra g
in a connected surfaceM . Then, if the affine space Cnx(M)g is not empty, then it falls in
one of the following cases:
(a) The action corresponds to one of the following cases of Table 3:
(i) Case (12) with α 6= 12 ,
(ii) Case (13),
(iii) Case (24) with r = 1,
(iv) Case (25) with r = 1,
(v) Case (26) with r = 1.
For any such cases, the only invariant connection, in canonical coordinates, is the
standard affine connection.
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(a’) The action corresponds to case (17). There is only an invariant connection whose
Christoffel symbols, in canonical coordinates are:
Γ211 = Γ
1
12 = Γ
2
12 = Γ
1
21 = Γ
2
21 = Γ
1
22 = 0,
Γ111 = −
2
x− y
,
Γ222 = −
2
y − x
.
(b) The action corresponds to case (12) of Table 3 with α = 12 . The space Cnx(M)
g
has dimension 1. The equations for the Christoffel symbols in canonical coordi-
nates are:
Γ122 cte, for all other symbols Γ
k
ij = 0.
(c) The action corresponds to case (18). The affine space Cnx(M)g has dimension 3.
The equations for the Christoffel symbols in canonical coordinates are:
Γ111 =
a+ b
y2
, Γ211 =
c
y3
,
Γ212 =
a
y2
, Γ221 =
b
y2
,
Γ222 = −
2
y
Γ122 = 0
Γ112 = Γ
1
21 = −
1
y
.
for arbitrary constants a, b, c.
(d) The action corresponds to case (22) with r = 1 and η1(x) = e
αx. The affine
space Cnx(M)g has dimension 8. The equations for the Christoffel symbols in
canonical coordinates are:
Γ211 = c
1
22α
3y3 − c222α
2y2 + (c111 − c
2
21 − c
2
12)αy − α
2y + c211
Γ111 = c
1
22α
2y2 − (c112 + c
1
21)αy + c
1
11
Γ212 = −c
1
22α
2y2 − (c222 − c
1
12)αy + c
2
12
Γ221 = −c
1
22α
2y2 − (c222 + c
2
21)αy + c
2
21
Γ112 = −c
1
22αy + c
1
12
Γ121 = −c
1
22αy + c
1
21
Γ222 = c
1
22αy + c
2
22
Γ122 = c
1
22.
for arbitrary constants ckij , with i, j, k ∈ {1, 2}.
(e) The action corresponds to case (23) with r = 1 and η1(x) = e
αx. The affine
space Cnx(M)g has dimension 4. The equations for the Christoffel symbols in
canonical coordinates are:
Γ222 = Γ
1
12 = Γ
1
21 = Γ
1
22 = 0
Γ111 = a,Γ
2
12 = c,Γ
2
21 = d
Γ211 = −α(d+ c− a)y − α
2y + b.
for arbitrary constants a, b, c, d.
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Proof. The proof is based in an analysis of the Lie derivative of a general connections by
the generators of the Lie algebra action in canonical coordinates for each case appearing
in Table 3.
(a) Let g6, g12,α6=1/2, g13, g24,r=1, g25,r=1, g26,r=1 be Lie algebras correspond to
their corresponding cases in the tables 1, 3. By the last result, the only invari-
ant connection for the algebra g6 is the affine standard connection. As the other
algebras are contained in this algebra forming the lattice:
g6
g26,r=1
?
OO
g24,r=1
?
OO
g13
?
OO
g25,r=1
T4
gg❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
g12,α6=1/2
?
OO
then is sufficient to show the result for the cases 12 with α 6= 1/2, 25 with r = 1.
• Case (12), g = {∂x, ∂y, x∂x + αy∂y} , 0 < |α| ≤ 1.
The coefficients Γlij are constants by 2.8. If X = x∂x + αy∂y , with α 6=
1
2 ,
then from that (LX∇)∂xi
∂xj = 0 it follows Γ
l
ij = 0.
• Case (25), r = 1. in this case the algebra is g = {∂x, ∂y, x∂x + (y + x) ∂y}.
As ∂x and ∂y are in g, then Γ
l
ij are constants. Taking the field Y = ∂x +
(y + x) ∂y , from (LY∇)∂xi
∂xj = 0, we have the system
−Γ111 + Γ
2
11 + Γ
2
12 + Γ
2
21 = 0,
Γ111 + Γ
1
12 + Γ
1
21 = 0,
Γ221 − Γ
1
21 + Γ
2
22 = 0,
Γ212 − Γ
1
12 + Γ
2
22 = 0,
Γ112 + Γ
1
22 = 0,
Γ121 + Γ
1
22 = 0,
Γ222 = Γ
1
22 = 0.
With solution Γlij = 0.
(a’) Case (17), g =
{
∂x + ∂y, x∂x + y∂y, x
2∂x + y
2∂y
}
. Considering X = ∂x +
∂y , Y = x∂x + y∂y and Z = x
2∂x + y
2∂y, from (LX∇)∂xi
∂xj = 0 and
(LY∇)∂xi
∂xj = 0, we obtain for i, j, l ∈ {1, 2} the system
∂xΓ
l
ij = −∂yΓ
l
ij ,
(x− y)∂xΓ
l
ij + Γ
l
ij = 0,
(y − x)∂yΓ
l
ij + Γ
l
ij = 0.
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Replacing those equations in (LZ∇)∂xi
∂xj = 0, we get the system
Γ211 = Γ
1
12 = Γ
2
12 = Γ
1
21 = Γ
2
21 = Γ
1
22 = 0,
Γ111 = −
2
x− y
,
Γ222 = −
2
y − x
.
(b) We have that Γlij are constants, from (LX∇)∂xi
∂xj = 0, withX = x∂x + αy∂y ,
we have the result.
(c) Case (12), g = {∂x, 2x∂x+y∂y, x2∂x+xy∂y}. As ∂x is in the algebra, then all the
symbols Γlij are functions of y. Taking Y = 2x∂x + y∂y and Z = x
2∂x + xy∂y ,
from (LY∇)∂xi
∂xj = 0 and (LZ∇)∂xi
∂xj = 0, we have the system:
y∂yΓ
1
11 + 2Γ
1
11 = 0,
y∂yΓ
2
11 + 3Γ
2
11 = 0,
y∂yΓ
1
12 + Γ
1
12 = 0,
y∂yΓ
2
12 + 2Γ
2
12 = 0,
y∂yΓ
1
21 + Γ
1
21 = 0,
y∂yΓ
2
21 + 2Γ
2
21 = 0
Γ212 + Γ
2
21 − Γ
1
11 = 0,
yΓ222 − yΓ
1
12 + 1 = 0,
yΓ222 − yΓ
1
21 + 1 = 0,
yΓ121 + yΓ
1
12 + 2 = 0,
Γ122 = 0.
Where the general solution are expressed in function of arbitrary constants a,
b, c ∈ R:
Γ111 =
a+ b
y2
, Γ211 =
c
y3
,
Γ212 =
a
y2
, Γ221 =
b
y2
,
Γ222 = −
2
y
Γ122 = 0,
Γ112 = Γ
1
21 = −
1
y
.
(d) g = 〈∂x, η1(x)∂y , · · · , ηr(x)∂y〉 , with r ≥ 1.
Taking k such that 1 ≤ k ≤ r. The symbols Γlij depends of y because ∂x is in
the algebra. From
(
Lηk(x)∂y∇
)
∂xi
∂xj = 0, obtain the system
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ηk(x)∂yΓ
1
11 + ∂xηk(x)
(
Γ212 + Γ
2
21 − Γ
1
11
)
+ ∂2xηk(x) = 0,
ηk(x)∂yΓ
1
11 + ∂xηk(x)
(
Γ121 + Γ
1
12
)
= 0,
ηk(x)∂yΓ
1
12 + Γ
1
22∂xηk(x) = 0,
ηk(x)∂yΓ
2
12 + ∂xηk(x)
(
Γ222 − Γ
1
12
)
= 0,
ηk(x)∂yΓ
1
21 + Γ
1
22∂xηk(x) = 0,
ηk(x)∂yΓ
2
21 + ∂xηk(x)
(
Γ222 − Γ
1
21
)
= 0,
ηk(x)∂yΓ
2
22 − Γ
1
22∂xηk(x) = 0,
ηk(x)∂yΓ
1
22 = 0.
Using this equations we obtain that αk :=
∂xηk(x)
ηk(x)
and α2k :=
∂2xηk(x)
ηk(x)
are
constants. Therefore ηk(x) is multiple of e
αkx. Finally, for k fixed, we can solve
the symbols in function of 8 arbitrary constants ckij :
Γ211 = c
1
22α
3
ky
3 + (c222 − c
1
12 − c
1
21)α
2
ky
2 + (c111 − c
2
21 − c
2
12)αky − α
2
ky + c
2
11,(3.3a)
Γ111 = c
1
22α
2
ky
2 − (c112 + c
1
21)αky + c
1
11,(3.3b)
Γ212 = −c
1
22α
2
ky
2 − (c222 − c
1
12)αky + c
2
12,(3.3c)
Γ221 = −c
1
22α
2
ky
2 − (c222 − c
1
21)αky + c
2
21,(3.3d)
Γ112 = −c
1
22αky + c
1
12,(3.3e)
Γ121 = −c
1
22αky + c
1
21,(3.3f)
Γ222 = c
1
22αky + c
2
22,(3.3g)
Γ122 = c
1
22.(3.3h)
This system is compatible if the constants αk are equals for all k. In this case
the functions ηk(x) spam a space of dimension 1, so r = 1. That is, if r = 1 and
η1(x) = e
αkx, there is a 8-dimensional space of invariant connections. Otherwise,
there is not invariant connections.
(e) As this algebra contains the algebra of the case (22), then r = 1 and η1(X) =
eα1x. We obtain a system of equations including (3.3a) – (3.3h) and also from(
Ly∂y∇
)
∂xi
∂xj = 0, we obtain additional equations:
y∂yΓ
1
11 = y∂yΓ
2
12 = y∂yΓ
2
21 = 0(3.4)
and the system
y∂yΓ
1
11 − Γ
1
11 = 0,(3.5a)
y∂yΓ
1
12 + Γ
1
12 = 0,(3.5b)
y∂yΓ
1
21 + Γ
1
21 = 0,(3.5c)
y∂yΓ
1
22 + 2Γ
1
22 = 0,(3.5d)
y∂yΓ
2
22 + Γ
2
22 = 0.(3.5e)
From 3.4, Γ111,Γ
2
12,Γ
2
21 are constants. As Γ
1
22 is constant, from 3.5d, Γ
1
22 = 0.
Combining this with the equations from the previous case we obtain Γ222 = Γ
1
21 =
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Γ112 = 0. So we have:
Γ222 = Γ
1
12 = Γ
1
21 = Γ
1
22 = 0,
Γ221 = c
2
21,Γ
2
12 = c
2
12,Γ
1
11 = c
1
11,
Γ211 = −α1(c
2
21 + c
2
12 − c
1
11)y − α
2
1y + c
2
11,
where c221, c
2
12, c
1
11 and c
2
11 are arbitrary constants.
It remains to check that all other cases of transitive imprimitive infinitesimal actions,
namely cases (14), (15), (16), (19), (27) and (28) do not admit invariant connections. The
Lie algebra of case (14) is contained in that of cases (15) and (16). Thus, it suffices to show
the case (14). In such case, since ∂x and ∂y are in the algebra, then Γ
l
ij are constants. From
(Lx∂x∇)∂xi
∂xj = 0, Γ
l
ij = 0 , except the symbols Γ
1
12,Γ
1
21,Γ
2
22. As (Lx2∂x∇)∂x ∂x = 0
implies that 2∂x = 0, this is impossible, then in this case there is not connection.
For the case (19), Γlij depends of y. From (Lx∂x∇)∂xi
∂xj = 0 it follows that Γ
l
ij = 0,
except Γ112,Γ
1
21,Γ
2
22. From
(
Ly∂y∇
)
∂xi
∂xj = 0, we have the system
y∂yΓ
1
12 + Γ
1
12 = 0
y∂yΓ
1
21 + Γ
1
21 = 0
y∂yΓ
2
22 + Γ
2
22 = 0
Using this in (LY∇)∂xi
∂xj = 0, with Y = x
2∂x + xy∂y we have the system
−yΓ112 + yΓ
2
22 + 1 = 0
−yΓ121 + yΓ
2
22 + 1 = 0
xy∂yΓ
2
22 + yΓ
2
22 + 1 = 0
yΓ121 + yΓ
1
12 + 2 = 0
Γ121 = 0
Which is inconsistent, in this case there is not connection.
In the case (27), Γlij are constants. For Y = 2x∂x + ky∂y with 1 ≤ k ≤ r, from
(LY∇)∂xi
∂xj = 0 we have the system:
2Γ111∂x + (4− k)Γ
2
11∂y = 0,
kΓ112∂x + 2Γ
2
12∂y = 0,
kΓ121∂x + 2Γ
2
21∂y = 0,
(2k − 2)Γ122∂x + kΓ
2
22∂y = 0.
If k = 1, then Γlij = 0 except Γ
1
22, but from
(
Lx∂y∇
)
∂y
∂y = 0, Γ
1
22 = 0. If r = 2, from(
Lx2∂y∇
)
∂x
∂x = 0we have a contradiction. So r = 1, as Γ
l
ij = 0 from (LZ∇)∂x ∂x = 0,
with Z = x2∂x + xy
2∂y we have also a contradiction. Therefore there are not invariant
connections in this case.
Finally the Lie algebra of case (28) is contained in that of case (13), then Γlij = 0. From
(LZ∇)∂x ∂x = 0, with Z = x
2∂x + rxy∂y , we obtain the incompatibility of the system
for the Christoffel symbols and there are no invariant connections. 
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4. HOMOGENEOUS SURFACES
By an homogeneous manifold we understand an smooth manifold M endowed with a
transitive smooth action ρ : G→ Diff(M) of a connected Lie groupG. As it is well known
the surface can be recovered as the quotientM ≃ G/H whereH is the stabilizer of a point
inM . We say that two action ρ : G→ Diff(M) and ρ′ → Diff(M ′) are equivalent if they
induce the same transformation group in M , that is, ρ(G) = ρ(G′). Any action is always
equivalent to a faithful action: we may consider the exact sequence,
Id→ ker(ρ)→ G
ρ
−→ Diff(M)
and replace G by G¯ = G/ kerρ. Given a faithful action of G onM we can replace G by
its universal cover. The action of the universal cover of G in M is not faithful but at least
infinitesimally faithful. Therefore, there is no loss of generality in assuming that the G is
simply connected and the action of G onM is infinitesimally faithful.
Lemma 4.1. Let H be a Lie subgroup of a simply connected Lie group G. Then, the
homogeneous manifoldG/H is simply connected if and only if H is connected.
Proof. First let us see that if G/H is simply connected, then H is connected. Reasoning
by contradiction let us assume that H is not connected a, and let H0 be its connected
component of the the identity. Then,G/H0 → G/H is a non-trivial connected (since G is
connected) covering space. ThereforeG/H is not simply connected.
Let us assume now that H is connected. Let us denote by x0 the class H in G/H . Let
γ : [0, 1]→ G/H is a loop based on x0. We can lift γ to a path γ˜ in G such that γ(0) = e
and γ(1) ∈ H . Since H is connected there is path τ : [0, 1] → H such that τ(0) = e and
τ(1) = γ˜(1). SinceG is simply connected there is an homotopy with fixed extremal points
γ˜ ∼ τ . The projection of the homotopy ontoG/H tell us that γ is contractible. 
Therefore, simply connected homogeneous manifolds arise as quotients of simply con-
nected Lie groups by connected Lie subgroups. On the other hand let us consider M an
homogeneous manifold, and π : M˜ → M its universal cover. Since each diffeomorphism
of M can be lifted, up to choice of two points in the fibers of π, to a diffeomorphism of
M˜ , we have an exact sequence:
Id→ Aut(M˜/M)→ Diff(M˜/M)
pi∗−→ Diff(M)→ Id
where Diff(M˜/M) is the group of diffeomorphisms of M˜ that respect the fibers of π.
Therefore, by taking G˜ the connected component of π−1∗ (G), we have that M˜ is a simply
connected homogeneousmanifold with the action of G˜. Therefore, homogeneousmanifold
can be seen as quotients of simply connected homogeneous manifolds.
The analysis of the invariant connections for Lie algebra actions allow us to classify, up
to equivalence, all the simply connected homogeneous surfaces having more than one, or
exactly one, invariant connections.
Theorem 4.2. Let M , endowed with an action of a connected Lie group G, be a simply
connected homogeneous surface. Let us assume that M admits at least two G-invariant
connections. Then,M is equivalent to one of the following cases:
(a) The affine plane R2 with one of the following transitive groups of affine transfor-
mations:
Res(2:1)(R
2) =
{[
x
y
]
7→ A
[
x
y
]
+
[
b1
b2
]
| A =
[
λ2 0
0 λ
]
, λ > 0
}
,
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Trans(R2) =
{[
x
y
]
7→
[
x
y
]
+
[
b1
b2
]
| b1, b2 ∈ R
}
,
Res(0:1)(R
2) =
{[
x
y
]
7→ A
[
x
y
]
+
[
b1
b2
]
| A =
[
1 0
0 λ
]
, λ > 0
}
.
(b) SL2(R)/U where U is the subgroup of superior unipotent matrices
U =
{
A ∈ SL2(R) | A =
[
1 λ
0 1
]}
.
(c) R⋉ R acting on itself by left translations.
(d) G/H with G = R2 ⋉R andH = (R× 0)⋉ 0.
Proof. LetM , endowed with an action of a connected Lie groupG, be a simply connected
homogeneous surface. Let us consider the infinitesimal lie algebra action induced by the
action ofG inM . SinceG is connected then the space ofG-invariant connections coincide
with that of Lie(G)-invariant connections.
In virtue of Theorems 3.1 and 3.4 if the infinitesimal action has more than one invariant
connection, then it corresponds to cases (12) with α = 12 , (18), (22) with r = 1 or (23)
with r = 1 in table 3. Without loss of generality, we assume that G is simply connected.
Then, by third Lie theorem, it is completely determined by its Lie algebra. Therefore, by
integrating the respective Lie algebras, we deduce the following:
• Any homogeneous surface corresponding to case (12) with α 6= 0 or cases (22,
23) with trivial semidirect product in Table 3, is equivalent to one listed in the case
(a) of the statement;
• any homogeneous surface corresponding to case (18) in Table 3, is equivalent to
that of case (b);
• any homogeneous surface corresponding to case (22) with r = 1 in Table 3 and
non trivial semidirect product is equivalent to that of case (c);
• any homogeneous surface corresponding to case (23) with r = 1 in Table 3 and
non trivial semidirect product is equivalent of that of case (d).
This completes the proof. 
Remark 4.3. In the cases (c) and (d) of Theorem 4.2 we assume that the semidirect product
is not trivial. Otherwise we fall in the case (a).
Theorem 4.4. Let M , with the action of G, be a simply connected homogeneous surface.
Let us assume that M admits exactly one G-invariant connection. Then, M is equivalent
to one of the following cases:
(a) The affine planeR2 withG any connected transitive subgroup of the groupAff(R2)
of affine transformations containing the group of translations and not conjugated
with any of the groups,
Res(2:1)(R
2) =
{[
x
y
]
7→ A
[
x
y
]
+
[
b1
b2
]
| A =
[
λ2 0
0 λ
]
, λ > 0
}
,
Trans(R2) =
{[
x
y
]
7→
[
x
y
]
+
[
b1
b2
]
| b1, b2 ∈ R
}
,
Res(0:1)(R
2) =
{[
x
y
]
7→ A
[
x
y
]
+
[
b1
b2
]
| A =
[
1 0
0 λ
]
, λ > 0
}
.
(this case includes the euclidean plane)
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(b) SL2(R)/H whereH is the group of special diagonal matrices,
H =
{
A ∈ SL2(R) | A =
[
λ 0
0 λ−1
]
, λ > 0
}
.
(c) The hyperbolic plane
H = {z ∈ C | Im(z) > 0}
with the group SL2(R) of hyperbolic rotations.
(d) Spherical surface,
S2 = {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1}
with its group SO3(R) of rotations.
Proof. We follow the same reasoning that in the proof of Theorem 4.2. In virtue of Theo-
rems 3.1 and 3.4 if the infinitesimal action has exactly one one invariant connection, then
it corresponds to cases (1), (3), (5), (6), (12) with α 6= 12 , (13), (24) with r = 1, (25) with
r = 1, (26) with r = 1, (17), (2) or (3). Then we check that cases (1), (3), (6), (5),(12)
with α 6= 1/2, (13), (24) with r = 1, (25) with r = 1 and (26) with r = 1, all ot them
correspond to case (a) in the statement. Finally, case (17) corresponds to case (b), case (2)
corresponds to case (c) and case (3) corresponds to case (d). 
Remark 4.5. Note that the hyperbolic plane, case (c) in Theorem 4.4, corresponds to the
remaining 2-dimensional simply connected quotient of SL2(R); H ≃ SL2(R)/H where
H =
{[
a −b
b a
]
| a2 + b2 = 1
}
.
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